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Flow Alignment in Biaxial and
Discotic Nematics

F.M. LESLIE** and T. CARLSSON?®

“Mathematics Department, Strathclyde University, Livingstone Tower,
Richmond Street, Glasgow G1 1XH, Scotland;
tInstitute of Physics, Chalmers University of Technology, Géteborg, Sweden

Continuum theory for nematic liquid crystals predicts two distinct types of flow alignment, one
that observed in thermotropic rod-like nematics, and the second not so far observed but
thought to be relevant to discotic nematics. This paper examines this latter possibility by
considering recent flow alignment predictions for biaxial nematics, particularly for such ma-
terials where the molecular structure is close to discotic, and obtains results that support this
claim. In addition it shows that in the disc-like limit biaxial theory reduces to that for a
uniaxial nematic with viscosities consistent with this conjecture.

Keywords: Nematics; uniaxial nematic; continuum theory; biaxial nematic; flow alignment;
discotic nematic

1. INTRODUCTION

Flow alignment in the theory for uniaxial nematics due to Ericksen[1]
and Leslie [2] depends upon the values of two viscosity coefficients «, and
o5. When both are negative the theory predicts [3] alignment within the
plane of shear at a relatively small acute angle to the streamlines in the
positive direction of the shear gradient, this in agreement with observed
behaviour. A second prediction, when a, and a4 are both positive, is of
flow alignment within the plane of shear at a relatively large acute angle to
the streamlines in the negative direction of the shear gradient. This latter
prediction is largely overlooked since positive values for both of these
viscosities are not found for thermotropic nematics. However, motivated
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by some microscopic calculations of flow alignment by Forster [4] and
Volovic[S], Carlsson[6,7] suggests that this latter prediction may be
relevant for discotic nematics, and here our aim is to present some support
for this viewpoint.

Following the discovery by Yu and Saupe[8] of a lyotropic biaxial
nematic, a number of authors have formulated phenomenological theories
for biaxial nematics with Saupe[9], Govers and Vertogen [10], Chauré
[11] and Leslie, Laverty and Carlsson[12] ail obtaining essentially the
same continuum theory from different standpoints. In a subsequent paper
Leslie[13] discusses flow alignment in such theory and achieves a rather
complete description, showing that whatever the values of the various
viscous coefficients there is at most one predicted flow alignment configur-
ation based on simple stability arguments. Naturally it seems reasonable
to use his results in order to see what they predict for flow alignment of
disc-like nematics, and whether or not they offer support for Carlsson’s
conjecture.

One can of course consider a biaxial nematic as a liquid in which the
fluid elements have an elliptic platelet structure as opposed to the uniaxial
rod-like description. Indeed biaxial nematics can be thought of as a pro-
gression from rod-like through elliptic platelets to disc-like, uniaxial and
discotic therefore forming two extremes or limits of biaxial behaviour. Here
we consider both limits and show first that predictions in the uniaxial limit
are consistent with uniaxial theory. In the second limit with reasonable
assumptions concerning the viscous coefficients our conclusions support
Carlsson’s prediction. This is further supported in a final section by showing
that biaxial theory in the discotic limit reduces to a uniaxial theory fully
consistent with his predictions.

Throughout the paper we employ Cartesian tensor notation, so that a
comma preceding a suffix denotes partial differentiation with respect to the
corresponding spatial coordinate, and repeated suffices are subject to the
summation convention.

2. CONTINUUM THEORY FOR NEMATICS

Continuum theory for biaxial nematics employs two orthonormal vectors
or directors, n and m, which clearly satisfy

nm=mm=1, nm=0, 2.1
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and commonly assumes incompressibility so that the velocity vector v is
constrained by

v, =0. (2.2)

The balance laws representing conservation of linear and angular momen-
tum are

dv;
P'd—t‘=PFi+ tip PKitept;+£,;;=0, (2.3)
where p denotes constant density, F and K body force and moment per unit
mass, and t and £ stress and couple stress tensors, respectively. The time
derivative is of course the material time derivative.

The stress and couple stress in (2.3) are given by

W oW
Lj=—p ij—_a';:jnk.i_mimk.i'*' Lip

ow ow
/l'] = eipq( +m ): (24)

haid hadd
4 P
on, om,;
where p is an arbitrary pressure arising from the assumed incompressibility,
and W is an elastic energy dependent upon the directors and their spatial
gradients, quadratic in the latter, but its explicit form is not given, not being
required in what follows. The tensors §;; and e are the Kronecker deita and
the alternator, respectively. The dynamic or viscous stress f takes the form
By=omn A nn + o, N+ asNony + 0, A, + asAymn;
+ agAumn + Bimm, A mim;+ B, M;m; + B, M ;m,
+ BsAumym; + BeAymm; + N ym,(uym;n; + pym;n) (2:5)

+nm, A, (usmn; + pym;n),

where

Ni=—n—-W,_n M,=ditm,—Wm (2.6)

ip"p ip"'p
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2A,.j=v,-,j+v 2WU=v,.'j—vj_,,

iR

and the coefficients are simply constants.

For many purposes it is convenient to express the axial vector arising
from the asymmetric part of the viscous stress in terms of two vectors g"

and g™ as follows
eud; = ep(n,gy + mgy),
and thus
Gi = — (1 Ni+ 7y, 4,8, + 7N, m,m; +y,n,m, A, m),
g7 =—-(4LM;+ A A;,m,),
where
Vi=03 =0y, V=0~ 0s, V3= Uy —Hy Ya=Hq— Uy
Ay=PB3—Bs Ay=PBs—Bs
As a consequence the viscous dissipation takes the form
fiinj —giN;—gM,; =20,
from which it readily follows that
y.>0, 4,>0, y, +y3+4,>0.
Finally there are three Onsager relations

Va=03+0a; Ay=P3+By Vve=uy+u,

@7

2.8

29

(2.10)

(2.11)

(2.12)

which reduce the number of independent viscous coefficients to twelve.
Continuum theory for uniaxial nematics follows from the above by set-
ting all the § and u coefficients in (2.5) equal to zero, and also correspond-

ing terms in W, this eliminating the second director m.
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3. FLOW ALIGNMENT IN NEMATICS

The possible responses of a uniaxial nematic to shear flow are well known,
but for completeness it is useful to give a brief summary here. To fix ideas
consider a simple shear flow in which referred to Cartesian axes

v.=kz, v,=v,=0, (3.1)

where k is a positive constant. At most two steady configurations are poss-
ible, either

y=n,=0, n,=1, (3.2)
or provided that the coefficients a, and a4 have the same sign

n,=cosf, n,=0, n,= tsind, (3.3)

y

the acute angle 8, defined by
tanzga = a3/d2. (3.4)

The solution (3.2) is always unstable, and on account of the condition (2.11)
the solutions (3.3) lead to two cases, namely

(i) a; <a3<0, and 0<6,<mn/4,
(i) a3 >a,>0, and n/4<6,<n/2. (3.5)

For the former, the solution with n, positive is stable, the other unstable,
and for the latter the solution with n, negative is stable, the other unstable.
The former of course describes the behaviour of “rod-like” nematics, and
while the latter has largely been ignored, Carlsson [6, 7] anticipates that it
may well describe the response of discotic nematics, this prompted by some
microscopic calculations by Forster [4] and Volovic[5].

In a recent paper Leslie [13] discusses flow alignment of biaxial nematics
in some detail, and for the flow (3.1) finds three possible equilibrium con-
figurations as follows:

Spm,=m,=0,m,=1, n,=cosb,n, =0, n, =sinb,
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17,0820 +1=0, t, =7,/y;; (3.6)

Spin,=n,=0,n,=1, m,=cos¢,m,=0,m,=sing,

7,c082¢ +1=0, 1,=4,/4;; 3.7
S,:n,=cosy,n,=0,n, =siny,m, =siny,m,=0,m, = —cosy,
1300820 + 1 =0, t3=(y; +7,—4)/(y, + 73+ 4,). (3.8)

Moreover, he is able to show that in general these are the only equilibrium
solutions available, and proceeds to show that at most only one of the
above six solutions is stable, the particular solution dependent upon the
particular values of the viscous coefficients. Of his results we are interested
here simply in two limiting cases, one being that approaching a uniaxial
microstructure and the other a discotic structure.

The uniaxial limit is obtained by allowing the § and u coefficients to tend
to zero, with the result that 7, tends to 7,, with the behaviour of 7, un-
known. Assuming that 7, and so 7, have magnitude greater than unity,
stability considerations then eliminate the S, option if the magnitude of 7, is
greater than unity, and one obtains either S, or S, governed by

Sty >Lty>L1,>15, or 1< —lLt3<—-11,<715;
Sty >Lt3>1L1,<7, or ;< —Ly<—1L1,>1 (3.9)
where the value 14 is given by
13 =(13—1)/(r;75 — ). (3.10

The choice of the two available solutions in each configuration is dictated
by

S. T48In20<0; S, 755102y <O0. (3.11)
Hence in this limit, the outcome is essentially the same, whatever the values
of t,, the n director is in the plane of shear at the same angle to the

streamlines, with the secondary director either normal to the shear plane, or
within this plane. Thus the alignment is basically that of a uniaxial nematic.
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Of greater interest, however, is the second limit in which the § coefficients
tend to their o« counterparts, and y, and v, both tend to zero (this limit is
discussed more fully in the following section). As a consequence 7, tends to
7, and 7, tends to zero in this limit. Again assuming that both 7, and 1,
have magnitudes greater than unity, the configuration S, is not an option
when the magnitude of 7 is less than unity and the choice between S, or S,,
is governed by

Spty> L, >lLty<t, or 1< ~L,<—Lt3>15;
Sty >Lt,>113>1, or < -lL,<—-L1y<1 (312
where the value 1 is defined by

13 =(r, —1)/(r,7, - 1), (3.13)

and clearly is close to zero. The particular solution in each configuration is
dictated by

S, T,8In1280<0; S,:1,8in2¢ <O0. (3.14)

Thus, if 7, and 1, are both less than minus one, either n or m aligns as in a
uniaxial “rod-like” nematic, with the second director perpendicular to the
plane of shear, each one’s role determined by the relative magnitudes of 7,
and t,. These conclusions largely support Carlsson’s[6,7] conjecture re-
garding a uniaxial description of discotic nematics, but we return to this in
the next section. Similarly, if both 7, and t, are greater than unity, the
behaviour of n or m is as predicted for a discotic nematic, with the other
normal to the shear plane.

4. DISCOTIC NEMATICS

As discussed earlier a discotic nematic is one extreme or limit of a biaxial
nematic, in which the major and minor axes of the elliptic platelet become
indistinguishable. Here, therefore, we examine the theory for a biaxial ne-
matic given in section 2, when the two directors n and m become physically
indistinguishable. In this event, one naturally sets
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B =0y, B, =0, B3 =0a;3,B5=as,Bs =tts,
Pa = Mo P2 = iy =0, 4.1)

the latter a consequence of the Onsager relations (2.12). With these assump-
tions, it seems reasonable to attempt to eliminate the directors n and m
from the equation (2.5) in favour of a single director Z, the third member of
the orthonormal triad.

Noting the well known identity

ninj+m.'mj+{i{j=6ij, (4.2)
one can clearly write

Agpnyn,+ A mom;+ A0 L= Ay, (4.3)

pp tp7p

allowing the elimination of the directors n and m from the terms with
coefficients o5 and a. Further introducing the local angular velocity w and
a relative rate of rotation ® by

w;=w;— 1/2¢;v, ,, 4.4)
the vectors N and M defined in (2.6) can be expressed as

N,=e¢,,0,n, M =e, , n,m 4.5)

ipgp"q ipg P g

Similarly, one can introduce a vector L associated with ¢ such that

Li=e o/ d

i ™ CipgWp "=It

(i~ W, ¢ (4.6)

ip” p

Hence, with the aid of (4.2), it quickly follows that
Ninj+Mm;+ Ll ;=e,,,0,0,,=€,,0, 4.7
However, noting a further identity
d + 4,80 4.8)

paCijr = Opigy + épjeiqr
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a contraction of this with 7,7, », leads to

e,w, =t l,0 + el w+w,e.l

iYqjr” q Jvigr” q pp%ijg” q

L3 M At

Hence, combining (4.7) and (4.9), one obtains

Ninj+ Mim;= ~L;{,—e; (.0 4.10)

ija” 9" p~p

allowing the elimination of n and m from terms with coefficients «, and 5.
Straightforwardly with the identity (4.2) and incompressibility one has

nn, A, +mmA, +£,0,4, =0, (4.11)
and employing this twice it follows that
| nyn, A nin+mm A, mm;
=CplaAp(lil;—0;;) —mm A, mn;—nn, A, mm, 4.12)

Also, as noted by Govers and Vertogen'® use of (4.2) as indicated on
il il pArp= (/,-/j)(/,‘/p)A,‘p =il ) Ay (4.13)
leads to the relationship

nn A, mm;+mm A, nn;—n,m A, (n,m;+nm)

P q pg V) P 4" "pq P e Pq
=A;—Appnn—Apnn — A mm— A, mm;
+(n,n, A, +m,m A6, 4.14)
By combining (4.12) and (4.14) and choosing
He= 3 =0y, 4.15)

one can eliminate n and m from the terms with coefficient «,.
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Consequently, absorbing multiples of the Kronecker delta into the arbit-
rary pressure in (2.4), the viscous stress (2.5) reduces to

Bj=ml,l A i+ Lilj+nsLif i+, Ay

p¥a‘pq
s Al liH N6 A5l i+ N e, L0y, 4.16)
where
Ny =0yl = —03 3= —0, Ny =04 + 05+ 0g + 0y,
Ns= —8&s — QMg = —&g— Q517 =03 — Ap. (4.17)

The final term in (4.16) may prove to be of no consequence on account of
the equation of angular momentum as Leslie [ 14] discusses, but alternative-
ly one might simply choose to ignore such a contribution given that the
component of spin normal to the disc is hardly likely to be detectable.

While the above outcome is not altogether surprising, it is reassuring to
note the consistency between the different approaches. A discotic nematic
regarded as a limit of a biaxial platelet that aligns at a small angle to the
streamlines, leads to the appropriate uniaxial model anticipated by Car-
Isson[6,7], namely a uniaxial nematic with its «, and a, coefficients both
positive.
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